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ABSTRACT. For the Galois closure X ga i of a generic projection from a surface X, it is believed that tti (Xg a i) 
gives rise to new invariants of X. However, in all examples this group is surprisingly simple. In this article, we 
offer an explanation for this phenomenon: We compute a quotient of tti (X ga i ) that depends on wi (X) and 
data from the generic projection only. In all known examples, this quotient is in fact isomorphic to tti (X g ^). 
As a byproduct, we simplify the computations of Moishezon, Teicher and others. 



Introduction 

One approach to a fine classification of algebraic surfaces studies generic projections. For that one 
embeds a given surface X into some large projective space and projects it generically onto a plane. If D is 
the branch curve of such a projection, it is possible to recover X from the fundamental group 7Ti(P 2 — D) 
and a little bit of extra data. Even though these fundamental groups are extremely difficult to compute, 
Moishezon |Mo| and later Teicher and others developed tools ("braid monodromy factorisations") to attack 
these computations systematically. Eventually, one hopes to obtain new invariants of surfaces from these 
groups. 

One of these invariants of surfaces, which has itself a geometric interpretation, is the fundamental group 
of the corresponding Galois closure: The Galois closure X ga \ attached to a generic projection from X is 
again a smooth projective surface. Its fundamental group 7Ti(A ga i) is a subquotient of 7Ti(P 2 — D) and 
therefore it is expected to contain non-trivial information about the surface X. 

Typically, A ga i is a surface of general type. Miyaoka MMil proved that there are many surfaces with 
positive index among Galois closures of generic projections, i.e., their Chern numbers fulfil ci 2 > 2c2. 
The "watershed-conjecture", attributed to Bogomolov, stated that surfaces of general type with positive 
index have infinite fundamental groups. However, when Moishezon and Teicher [MoTel | first computed 
7Ti (A ga j) for generic projections from P'xP 1 they found simply connected surfaces of general type with 
positive index among them. These were the first counter-examples to this conjecture. Their computations 
are quite involved and use degeneration techniques, braid monodromy factorisations and lots of combina- 
torial group theory. 

Since then, the groups 7Ti(X ga i) have been computed for many more examples. For generic projec- 
tions from minimal rational surfaces (except the Veronese surface V4) the group 7Ti(X ga i) is always finite 
Abelian. Also, certain generic projections from P 1 x E, where E is an elliptic curve, have been worked 
out. Here, the groups 7Ti(A ga i) are close to being free Abelian. Why do these groups have such a simple 
structure? 

Here, we give an explaination: Let X ga i be the Galois closure of a generic projection / : X — > P 2 . 
We let C := /*(Op2(l)) be the very ample line bundle that defines /. We will assume that the degree 
n := deg / is at least 5. 

In Theorem l3.6l and Theorem l4.5l we determine the structure of m (X ga i) /C pr °j, where C pT °i is a certain 
subgroup generated by commutator and triple commutator relations. Since our structure results need more 
notation and are a little bit messy to state, we first give a couple of corollaries. 

CorollarvETSl If 7Ti (A") is finite then so is tti (A ga i) /C proj . 

Corollary g79j The rank ofHi(X Rel , Z)/CP r °j as an Abelian group is equal to (n — 1) times the rank 
of 1 1 aX. Z). 
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Proposition [47TTJ Let X be a simply-connected surface. Let d be the divisibility index of £ in Pic(A). 
Then there exists an isomorphism 

ir^X^/C^ S (Z/dZ) n - 2 . 

In all known examples, C pT °i is trivial. These examples are generic projections from minimal rational 
surface, which have been computed by Moishezon, Teicher and Robb (|MoTel|, [MoTe2|, [MTRQ, and 
certain generic projections from E x P 1 , where E is an elliptic curve, which have been computed by 
Amram, Goldberg, Teicher and Vishne ([AG|, |AGTV|). We discuss these examples in Section [5] In 
particular, we compute Tri(X ga \) modulo C pr ° s without much effort: we obtain our quotients not in terms 
of generators and relations but get a clear view on the structure of these groups. 

In view of Teicher's conjecture on virtual solvability of m (A — D), where D is the branch curve of a 
generic projection from a surface X we contribute the following result which shows that there are plenty 
of examples where 7Ti(A 2 — D) is not virtually solvable. 

Proposition l4.13l If 'iri(X) is not virtually solvable then neither is 7Ti(A 2 — D). 

To state the precise results, we have to introduce some notation. We choose a generic line in P 2 and 
denote its complement by A 2 . Then we consider the preimages of A 2 on X and A ga i and obtain the 
following diagram 



Agal - 


-» X 




P 2 


u 


u 

■+ A aff 




u 

A 2 



For technical reasons ("monodromy at infinity") it is easier to compute the fundamental group 7ri(A|^j) 
first. 

Modulo certain relations, the group 7ri(A|^) depends on tti(X ) and the degree n of the generic 
projection only: 

Theorem |3j6j There exists a normal subgroup C "/^(^gai) an d an isomorphism 

Here, /C(-7ri(X aff ), n) is a purely group theoretical construction, which is an extension of H2(iti(X aS ), 1i) 
by a certain subgroup of-K\ (X ) n . 

The group 7r 1 (A ga i) is a quotient of K\{X^) by a cyclic subgroup. The isomorphism of Theorem [33] 
is not well-behaved with respect to forming this quotient. In particular, if we denote by C ,pr °j the image of 
C aff in 7Ti (Ag a i) then 7Ti (A ga i) / C pm ^ cannot be described in terms of n = dcg / and tti (X) alone. 

Theorem 14.51 There exists a cyclic group Z and a central short exact sequence 

o g -Wf >■ z » ~ G - i 

where G is a group that is itself a central extension 

-» kcr Kn _i G -> K,{ir x (X),n) -> 1. 

Here, K.(wi(X), n) is a certain subgroup of iri(X) n . The group kerK„_i is a subgroup of K n , where 
K is a cyclic group. 

We show how to compute kcrK„_i and H2(tti(X ),Z) in practice in Section [5] Proposition |47TTJ 
Corollary 14. 9| and Corollary [476] quoted above are applications of this theorem. 
However, the main question that remains is the following 

Question 13.41 Is C trivial for every generic projection of degree n > 5? 

This is true in all known examples. However, since not many examples with nontrivial ni(X) have 
been computed, we do not dare to call it a conjecture. The assumption on the degree is necessary: a generic 
projection from the Veronese surface V4 in P 5 , which has only degree 4, leads to a nontrivial C , cf. 
RemarkEHI 
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We now relate Question 13.41 to the computations of Moishezon, Teicher and others. To calculate 
7Ti(X|2), one first needs a presentation of the group 7Ti(A 2 — D), where D is the branch curve of the 
generic projection. Using degeneration techniques, one then shows that certain commutator and triple 
commutator relations hold between the standard generators of 7i"i (A 2 — D), cf. IMoTell Proposition 2]. In 
our setup this amounts to proving that the group C is trivial. Hence answering Ouestion l3.4l is a crucial 
step in the calculation of Ki(X*jS). Once we know that C aff is trivial, we can determine 7Ti(X ga i), which 
already simplifies the existing computations a lot. 

In any case, our results shed new light on 7Ti (A ga i) and open new perspectives. 

• Theorem [43] and its corollaries tell us that 7ri(A ga i)/C pr °j is not too far away from tti(X). For 
example, if X is simply connected, 7Ti(A ga i)/C pr °j does not contain interesting information on 
X. Even if this group is hard to determine, our structure results and Question 13.41 suggest that 
7Ti (A ga i) does not give rise to new invariants of X. 

• The group H2 {tt\ (X ) , Z) maps to the commutator subgroup of tti ( A ga i) /C pT ° s (Theorem l4.51 l. 
Unfortunately, the known examples are too special so that this homological contribution has not 
yet appeared. Since it is still not known, what kind of infinite groups can occur as fundamental 
groups of surfaces, one could use iterated Galois closures of generic projections and Corollary 14. 71 
to construct surfaces with nilpotent fundamental groups of arbitrary large nilpotency class. 

The article is organised as follows. 

In SectionQ]we review some facts about generic projections and their Galois closures. 

In Section 12 we introduce two purely group theoretical constructions. Both depend on a group G and 
a natural number n > 3. The first construction, called K.(G, n) is a certain subgroup of G" and quite 
easy to calculate. The second one, called IC(G,n) is a central extension of H2(G, Z) by K,(G,n) and 
quite difficult to determine in general. There is a surprising connection between K,(G, n) and the theory of 
central extensions whose meaning is unclear at the moment. We refer to [Li2 | for purely group theoretical 
properties of K,(G, n). 

In Section[3]we consider the short exact sequence 

© 1 -> TnpLjS) -> 7r 1 (A 2 - J D)/<r. i 2 > -» 6„ -> 1, 

which is also the starting point of the calculations of Moishezon and Teicher in HMoTell . Here, D is the 
branch curve of the generic projection / : X — > P 2 , the IYs are standard generators for 7Ti(A 2 — D) 
and ©„ is the symmetric group on n := degf letters. We introduce a normal subgroup C aff of 7Ti(A 2 — 
D). This group is trivial if certain commutator and triple commutator relations hold between the IYs, cf. 
Definition 13. 3 1 After taking the quotient of the short exact sequence by C aff , the resulting short exact 
sequence splits in a very nice way. Using the algorithm of Zariski and van Kampen and the results of 
Section H] we obtain Theorem l3.6l 

In Section|4]we determine the structure of 7Ti(A ga i)/C proj and give some applications. 

In Section|5]we compute these quotients of 7Ti(X ga i) and Tti{X^) for all examples that are known to 
the author. In particular, we demonstrate how to avoid combinatorial group theory once our theorems are 
at disposal. 

Acknowledgements. This article extends the main results of my Ph.D. thesis CD . I thank my supervisor 
Gerd Faltings for suggesting this interesting topic and the discussions on it. Also, I thank the Max-Planck- 
Institut in Bonn for hospitality and financial support. Finally, I thank the referee for pointing out a couple 
of inaccuracies. 

1. Generic projections and their Galois closures 

In this section we recall some general facts about generic projections and their Galois closures. Most of 
these results are well-known. We follow [Fa, Section 2]. 

Definition 1.1. Let X be a smooth complex projective surface. A line bundle £ on A is called sufficiently 
ample if 

(1) £ is an ample line bundle with self-intersection number at least 5. 
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(2) For every closed point x £ X the global sections of £ generate the fibre 

C x /m x C. 

(3) For any pair {x, y} of distinct closed points of X the global sections of £ generate the direct sum 

£ x /m x 3 £® £ v /m v 3 £. 

(4) For any triple {x, y, z} of distinct closed points the global sections of £ generate the direct sum 

£ x /m x 2 £ © £ y /m v 2 £ © £ z /m z 2 £. 

The following remark was already made in |Fa|. 

Remark 1.2. The tensor product of five very ample line bundles is sufficiently ample. 

Definition 1.3. Let £ be a sufficiently ample line bundle on the surface X. We call a three-dimensional 
linear subspace E C H°(X, £) generic if 

(1) E generates £, i.e., the associated rational map is in fact a finite morphism 

f = f E : X -» P(£)^P 2 

of degree n equal to the self-intersection number of £. 

(2) The ramification locus R of Je is a smooth and ample curve on X. The ramification index at a 
generic point is 2. 

(3) The branch locus D of Je is a curve on P 2 with at worst cusps and nodes as singularities. 

(4) The restriction /e\r ■ R ~ * D is birational. 

We call the finite morphism fg associated to a generic subspace of H°(X, C) a generic projection. 

Let G(k, V) be the Grassmannian parametrising fc-dimensional linear subspaces of the vector space V. 
To justify the name in the previous definition we have 

Proposition 1.4. Let £ be a sufficiently ample line bundle on the surface X. Then there exists a dense and 
open subset G' o/G(3, H (X, £)) such that all E 6 G' are generic in the sense of Definition ]! .31 

Proof. A proof is given in llFal Proposition 1]. For the conclusions there it is necessary that the line 
bundle JCx © £® 3 is ample. In our setup, this follows from the assumptions on the self-intersection 
number of £ and Reider's theorem llRel . □ 

Let / : X — > P be a finite morphism between normal complex surfaces. Let L be the Galois closure of 
the field extension of function fields K(P) K (X) induced by /. Let X ga \ be the normalisation of X or, 
equivalently, of P in L. 

Definition 1.5. Given a finite morphism / : X — > P of normal complex surfaces we call the normal 
surface X Ea \ together with the induced morphism / ga i : X ga \ —> P the Galois closure of /. 

The Galois closure of a field extension Kj k of degree n is isomorphic to a quotient of the n-fold tensor 
product of K with itself over k. Similarly (cf. BSGAU Expose V.4g]), the Galois closure of a generic 
projection is isomorphic to the closure of a certain subset of X n : 

X m \ = {(xi,...,x n ) \xi ^ Xj,f(xi) = f(xj),Vi ^j} C X n . 

For Galois closures of generic projections we have the following proposition, which is proved for our 
setup in llFal Proposition 1 ] . 

Proposition 1.6. Let £ be a sufficiently ample line bundle on the surface X with self-intersection n. Then 
there exists an open and dense subset G o/G(3, H (X, £)) such that for all E G G 

(1) The map fg associated to E is a generic projection of degree n. 

(2) The Galois closure X ga \ of Je is a smooth projective surface. 

(3) The Galois group Gal(_fi'(Xg a i)/i^(P 2 )) is the symmetric group 6 n . 

(4) The branch curve D of is an irreducible curve in P 2 . 

Definition 1.7. We call a map ]e as in Proposition ll.6l a good generic projection from X. 

Explicit formulae for the degree of the branch curve D and the number of cusps and nodes on D can be 
found in (Fa] Section 4] or IIMoTell Chapter 0]. 
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2. TWO GROUP THEORETICAL CONSTRUCTIONS 

This section contains the group theoretical heart of this article. Given a group G and a natural number 
n > 3 we introduce the two associated groups IC(G, n) and IC(G, n). The second construction is related to 
the theory of central extensions. We refer to [Li2| for details, further properties and examples. 

The first construction. We let G be a group and n > 3 be a natural number. We denote by G ab := 
G/[G, G] the Abelianisation of G. Then we define a map 

ip : G" -> G ab 

(9l,—,9n) >-* 91 ■ ••■ • 9n 

which is a homomorphism since G ab is an Abelian group. 

Definition 2.1. For a group G and a natural number n > 3 we define IC(G, n) to be the kernel of the 
homomorphism ip : G n — > G ab . 

For Abelian groups it is particularly easy to determine JC(G, n). 

Proposition 2.2. There exists a natural isomorphism K.(G, n) ab = /C(G ab , n). 
If G is Abelian then /C(G, n) = G™ _1 . Tfe isomorphism is not canonical. 

Proof. The surjection G — » G ab and the universal property of Abelianisation imply that there is a natural 
surjective homomorphism /C(G, ?i) ab — > /C(G ab , n). An element of the kernel /C(G, u) — > /C(G ab , n) is 
also an element of the kernel G" — > (G ab )", which is [G, G] n . Using n > 3 we may write 

(1) ^2], = [(/H.fti-Sl,...,!), (h2,l,h 2 -\...,l)}. 

Thus [G, G] n is not only a subgroup of /C(G, n) but also lies inside the commutator subgroup of /C(G, n). 
Hence of the kernel IC(G, n) — > AC(G ab , n) is the commutator subgroup of K-(G, n) and we are done. 
Let G be Abelian. Then the map 

G™- 1 -> G" 

(ffl, ■■■>5n-l) ^ (51, -,9n-l, (91 ■ ■■■ ■ ffn-l)" 1 ) 

defines a homomorphism. It is injective with image /C(G, n). □ 

The symmetric group 6 n acts on G™ by permutation of the n factors. This action induces an action cp 
of & n on IC(G, n). With respect to this action we form the semidirect product 

£(G,n) := /C(G,n)x y e n . 

For g G AC(G, n) and a G 6 n we will write [g, <r] for g ■ tp(a){g~ l ). 

The main construction. Again, we let G be a group and n > 3 be a natural number. We choose a 
presentation G = F/N, where F is a free group. Then )C(N, n) is a subgroup of K,(F, n), which is a 
subgroup of F n . 

We denote by K.(N, n) ^> the subgroup normally generated by /C(iV, u) inside F n . Using formula 
([T}, it is not hard to verify that the group <C IC(N, n) 3> is equal to the subgroup normally generated by 
]C(N,n) inside K{F,n). 

Definition 2.3. Let G be a group and n > 3 be a natural number. We define 

^(G,n) := JC(F,n)/</C(iV,n)>. 

Theorem 2.4. 77ie group 1C(G, n) does not depend upon the choice of a presentation. There exists a central 
short exact sequence 

(2) -» H 2 (G,Z) -> K.(G,n) -» /C(G,n) -> 1, 

where i?2(G, Z) denotes the second group homology with integer coefficients. The group iJ2(G, Z) Z/es 
inside the commutator subgroup oflC(G, n). 
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Proof. We choose a presentation G = F/N and abbreviate the normal closure of IC(N, n) in F™ by R. 
Also, we will simply write H^iG) for ^(G, Z). 

First, we prove the short exact sequence (0: We denote by it the projection of F n onto its last n — 1 
factors. By abuse of notation we will denote its restriction to /C(F, n) also by 7T. Then we have a short 
exact sequence 

1 -> [F, F] -> £(F,n) A F"- 1 -> 1. 
An easy computation with commutators shows that F n ker 7r = [F, A] . Via 7r we obtain the following 
diagram with exact rows and columns: 

1 — * [F,N] — » F -» A"" 1 -> 1 

(3) 1 -> A n [F, F] -► A"n/C(F,n) -> A"" 1 -> 1 

1 -> [F, F] -> /C(F,n) ^ F"- 1 -> 1 

Taking quotients of successive rows we exhibit the group /C(F, n)/R as an extension of (An[F, F])/[F, -W] 
by /C(F, n)/(N n n /C(F, The latter group is isomorphic to /C(G, n). By Hopf's theorem [Br, Theorem 
II. 5. 3] the group (A n [F, F])/[F, is isomorphic to H2(G). Hence we obtain an extension 

1 H 2 (G) -» K(F,n)/R -> K{G,n) -> 1. 

Now we will show that this extension is central: Every element of H2(G) can be lifted to an element 

x G /C(F, n) of the form f := (x, 1, 1) with x G A n [F, F]. For y := (y u y n ) e /C(F, n) we 
compute 

yfjT 1 = ([yi,x],l,...,l) ■ (ar,l,...,l) = x mod [F,N]. 

e[F,N] 

Hence H2{G) lies inside the centre of /C(F, n)/R. 

We now prove that /C(G, n) is well-defined: Let a : F/N = F'/A' be another presentation for G. We 
may lift this isomorphism to a map ip : F — > F'. Then y> maps A to A' and hence /C(A, n) to fC(N', n). 
Let F' be the normal closure of /C(A', n) inside F' n . Then 99 induces a homomorphism 

Tp : JC(F,n)/R -> K{F\n)/R' 

Let be another map lifting a to a homomorphism from F to F'. 

Elements of the form (/, 1, ..... 1) generate /C(F, n). Hence it is enough to compare the induced 
maps on these elements. For / G F there exists n't G A' such that ip(f) = <p'(f)n'f. Hence 

mj- 1 ,-)) = (^(/K^n^va)- 1 ,-) 

= ^((/. r 1 , • »))(»/ WK'Vc/)- 1 .-)- 

S v ' 

eii' 

Hence the induced maps coincide. 

In particular, if we choose F = F' and A = A' with a and the identity then every other lift <p' of the 
identity induces the identity on JC(F, n) /R. 

Coming back to the general case, we let F/N and F'/A' again be two presentations of G and let a be 
an isomorphism between them. Then a and a -1 induce maps between /C(F, n)/R and /C(F', n)/R' such 
that the composites of these induced maps are the identity by the previous paragraph. Hence a induces an 
isomorphism from /C(F, n)/R to /C(F', n)/R' . Thus, K,(G, n) is well-defined. 

Taking the quotient of the top row by the bottom row of (f3]l we obtain an exact sequence 

1 -> [F,F]/[F,A] -> /C(F,n)/F -> G" _1 1. 

The inclusion of //2(G) into JC(F,n)/R factors over [F,F]/[F, A]. The group [F, F] lies inside the 
commutator subgroup of /C(F, ™)> cf. formula (fTJ. Hence H2(G) lies inside the commutator subgroup of 

K(F,n)/R. " □ 

Whenever the symmetric group 6„ acts on a group A via some homomorphism (p : & n — > Aut(A) 
we may form the semidirect product A x 6 n with respect to this action. For a; G A and a G S n the 
commutator [x,a] in A xi & n is equal to a;cra: _1 cr _1 = x ■ <p(a)(x~ r ) by definition of the semidirect 
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product. For a subgroup S of 6 n we define [X, S] to be the subgroup of X x & n generated by all elements 
[x, s] with x G X and s S 5. It is easy to see that [X, S) is a normal subgroup of X. 

We already mentioned that there is an action of & n on JC(G, n) for every group G. In the following we 
embed 6 n _i into 6„ as the subgroup of those permutations that fix the first letter. 

Corollary 2.5. There exists a & n -action on ]C(G,n) such that the homomorphism from ]C(G,n) onto 
IC(G, n) becomes equivariant. There exists an isomorphism 

K.(G, n) I [iC(G, n), 6„_J = G. 

PROOF. Given a presentation G = F/N it is easy to check that the 6„-action on fC(F,n) induces an 
action on IC(G, n) that does not depend on the choice of the presentation. 

We view K,(F, n) as a subgroup of F n . We let & n -i be the subgroup of & n of those permutations that 
fix the first letter. The group [K(F, n), & n -i] is a normal subgroup of K,(F, n) consisting of those elements 
with a trivial entry in the first coordinate. Hence 

K{F,n)/ [K{F, n), S n _i] = F. 

Of course, the same holds true if we replace F by N. We have isomorphisms 

K(G, n) ^ K(F, n) / K(N, n) ^ p/N ^ Q 



IC(G, n), 6„_ 



[K(F, n), e»_i] ' [K(N, n), S„_i] 

This proves our assertion. □ 

Corollary 2.6. If G is cyclic then IC(G, n) = G" _1 . This isomorphism is not canonical. 

Proof. If G is cyclic then i?2(G, Z) vanishes. Hence K.(G,n) is isomorphic to K,(G,n), which is 
isomorphic to G" i_1 by Proposition ^. 21 □ 

Corollary 2.7. There exist isomorphisms K.(G, n) ab ^ K.(G, n) ab = (G ab )" _1 . 

Proof. The first isomorphism follows from the fact that H2(G, Z) lies inside the commutator subgroup 
of K-(G, n). The second isomorphism follows from Proposition ^. 21 □ 

A presentation of £(F, n) and afflne subgroups. Let F be a free group. Then JC(F, n) is a subgroup of 
F n . We recall that there exists an action (p of the symmetric group & n on K,(F, n). For / £ IC(F, n) and 
a G & n , we refer to ip(a)(f) as the element that is er-conjugate to /. 

Definition 2.8. Let F be a free group. A normal subgroup of £(F, n) group is called affine subgroup if it 
is normally generated by elements of the form (r, r -1 , 1, 1) and their S„-conjugates. 

Clearly, affine subgroups of IC(F, n) are 6„-invariant. The quotient of IC(F, n) by an affine subgroup 
has a particularly nice structure: 

Theorem 2.9. Let F be a free group and let R be an affine subgroup of)C{F, n). Let p : JC(F, n) — > F be 
the projection onto the first factor. We define N := p(R). Then there exists an isomorphism 

JC(F, n)/R = K(F/N, n). 
In particular, this quotient is completely determined by F/N and n. 

Proof. As p is surjective, N — p(R) is a normal subgroup of F. Using n > 3 and formula (Q]l it is 
easy to see that K,(N, n) is contained in R. As R is a normal subgroup of K,(F, n), also the normal closure 
IC(N, n) 3> is contained in R. 

Conversely, R is normally generated by elements of the form (r, r _1 , ...) and their S n -conjugates. But 
if (r, r — 1 , 1...) lies in R then r lies in N. We conclude that R is contained in <C K.(N, n) Thus R is 
equal to IC(N, n) ^> and so K(F, n)/R is isomorphic to K.(F/N, n). □ 

Let Fd-i be the free group of rank d — 1. We finish this section by giving a presentation of £ (Fd-i, n): 
Let be the free group of rank d with basis Sj, i = 1, d We form the free product of the symmetric 
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group Sd with & n . We define 

tp : Sd*& n -> 6„ 

Si i ► (12) i = l,...,d 

(7 h- » CT V(T G S n . 

We denote by [a, 6] := a6a _1 6 _1 and (a, 6) := a6a6 _1 a _1 6 _1 commutators and triple commutators, 
respectively. Then we let Rd, n be the subgroup of Sd * & n normally generated by the elements 

Si 2 for i = 1, d 

si ■ (1 2) _1 i.e., we identify s% with (1 2) 

[sj, r] for transpositions r G & n disjoint from (1 2) 

(si, t) for transpositions r G <S„ having one index 

in common with (12) 

\a8icr~ 1 , Sj] if ■i/>( crs i <T ~ 1 ) and ^>(sj-) are disjoint 

(asia" 1 , sj) if ^{asia^ 1 ) and ^>(sj-) have one index in common 

Definition 2.10. We define S n (d) := (S d * & n )/Rn,d- 

It is easy to see that the homomorphism tp factors over the quotient by R n .d- By abuse of notation we 
will call the induced map on S n (d) again ip. We may think of S n (d) as a symmetric group with d "layers". 



Let Fd—i be the free group of rank d— 1 with basis /a, fd (mind the numbering!). The group 6 n acts 
on (Fd-i) n by permuting the factors. We denote the corresponding semidirect product by {Fd-x) n x Qu- 
it is easy to check that the map 

if : S n {d) -> {F d -i) n ^ ©n 

si i ^ (12) 

s t i ^ f/,,/,- 1 ,!,.,!)-^) i = 2,...,d 

(T I ^ CT VCT G S„ 

defines a homomorphism of groups. Its image lies inside E{Fd-x, n). Moreover, this latter group is gener- 
ated by the S„-conjugates of the elements (/j, /j -1 , 1, 1). Hence maps surjectively onto £(Fd-i,n). 
But even more is true 

Theorem 2.11. For n > 5 f/ze ma/? ^ defines an isomorphism 

S n (d) Si £{F d -i, n). 
In particular, S n (d) defines a presentation of £{Fd^\ 1 n). 

PROOF. Our original proof applied a Reidemeister-Schreier rewriting process to the kernel ker(ip) of 
S n {d). We obtained an infinite set of relations and checked that all of them follow from relations in 
(Fd-i) n ■ This then implies that ip is injective. The computations are straight forward, but quite lengthy. 

In the meantime, the article [RTV| appeared independently from our work. So instead of giving our 
proof, we refer to HRTV1 Theorem 5.7] instead. □ 



3. The fundamental group of the affine piece 

Let / : X — > P 2 be a good generic projection of degree n given by a sufficiently ample line bundle as 
defined in SectionQ] We denote by / ga j : X ga \ — > P 2 its Galois closure. We choose a generic line £ in P 2 , 
i.e., a line that intersects the branch curve D of / in P 2 transversely. 

We define X aS : = X - f - 1 (t) and X?$ : = X gal - / gal ~ 1 {£) . Then we obtain the following morphisms 



X ga i - 


-> X 




P 2 


u 


u 




u 








A 2 
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We choose a second line I in A 2 := P 2 — I that intersects D and £ transversely. Then we choose a 
system of simple loops I\ around the intersection points £ n D inside I — D. There are d := degD such 
simple loops. The inclusion map of topological spaces induces a surjective homomorphism 

iri(£-(Dn£)) -» vn(A 2 -L>). 

The fundamental group on the left is a free group of rank d with basis {I\}, i = 1, d. 

By definition of a generic projection (Definition 1 1 .3b . the branch curve D has at worst cusps and nodes 
as singularities. 

Lemma 3.1. The simple loops Ti, i = 1 , . . . , deg D generate tt\ (A 2 — D). All relations in this group follow 
from relations of the following type 

for elements j € tti (A 2 — D). 

PROOF. This follows from the theorem of Zariski and van Kampen on fundamental groups of comple- 
ments. A modern proof is given in II Chi Theoreme 4.1]. The relations occurring if the curve has at worst 
cusps and nodes are determined in [Ch Partie 6.2]. □ 

We lift loops around x$ to points of f~ 1 (xo) and obtain paths in X aS . Clearly, the endpoints of these 
paths are again points of that fibre. Thus every loop around xo defines a permutation of f^ 1 (xo), which is 
a set with n elements. So there exists a homomorphism ip from 7Ti(A 2 — D) to the symmetric group & n . 

The Galois group of the extension of the function fields of X ga \ over P 2 is isomorphic to 6 n by Propo- 
sition ll .61 It follows that 

tp : TT 1 (A 2 ~D,X ) -» & n 

is surjective. Clearly, the kernel of ifi is isomorphic to tti(X^ 1 — f ga \^ 1 {D)). 

Over a smooth point of D there are n — 1 points of X. One of them belongs to the ramification divisor 
of / and has ramification index equal to 2, whereas the other points are unramified, cf. Definition 1 1.3 1 It 
follows that the IYs map to transpositions in ©„. In particular, the subgroup normally generated by the 
T^'s inside 7Ti(A 2 — D) lies in ker?/>. 

The following lemma extends a result of IIMoTell Chapter 0.3]. 

Lemma 3.2. Let G n be the subgroup normally generated by the Tj 2 's in ttl (A 2 — D). We view © n -i as a 
subgroup of & n fixing one of the letters. Define G„_i to be the following normal subgroup ofip~ 1 (& n -i) 

G n _i := « G n , 7A7- 1 I ^(7r 4 7 -1 ) e S n _i, 7 G tti(A 2 _£>)». 

Then there exist isomorphisms 

kerV/G„ = m(X£) 

^(Sn-lJ/Gn-l = 7Tl(^ aff )- 

Proof. It is shown in IIMoTell Chapter 0.3] that the T; 2 lift to loops around the ramification divi- 
sor f ga i~ 1 (D) and that these loops generate the kernel of the surjective homomorphism from herip — 
*l (^gfi - (D)) onto 7TX (X^). 

The same arguments prove that G„_i is the kernel of the surjective homomorphism from (@„_i) = 
7ri(X aff -/- 1 (L>))ontovri(X aff ). ' □ 

The isomorphism ker tp/G n = %\ {X^) shows that there is a short exact sequence 

(4) 1 - 7n(X|g) - tt^a 2 -^, x )/«r l 2 » ± e n - 1. 

It is the starting point of the computations in IM oTell Chapter 0.3]. In fact, they prove that this short exact 
sequence splits. After that, they use a Reidemeister-Schreier rewriting process to obtain a presentation of 

^l(*g a al)- 

Definition 3.3. We define G to be the subgroup normally generated by the following elements inside 

[7^7, Tj- 1 ] if ip('-fTij~ 1 ) and ip(Tj) are disjoint transpositions 

(71^7, Tj~ ) if ip('fTij~ 1 ) and ip(Tj) have precisely one letter in common 
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where 7 runs through m (A 2 — D,x ). 

Question 3.4. Is the group C aff trivial for every good generic projection? 

This is the main problem that we cannot solve. However, we will see in Section[5]that the answer to this 
question is positive in all known examples up to now. So the reader should bear in mind that we hope for 
C aff to be trivial. 

Since C aff lies inside ker tp, the short exact sequence (0]l induces a short exact sequence 

r<n 1 nr <x»s\ir>& ^(A 2 -£>, x ) + 



We will see in the proof of Theorem [3]6] that this sequence splits. Moreover, this short exact sequence is 
completely determined by tti (X aff ) and n. However, first we need 

Lemma 3.5. The surjective homomorphism of Lemma \3.2\ from f/; _1 (©n-i) onto 7Ti(A aff ) factors over 
the quotient by C aff . 

Proof. Without loss of generality we may assume that 6„_i is the subgroup of &„ fixing the first letter. 
We have to show that C aff is contained in G n -i'- If one of the transpositions i/j^T^ -1 ) or ip(Tj) lies in 
© n _i this is true. 

Hence we may assume that both transpositions do not lie in <5 n _i. But this means that they have 
precisely the first letter in common. We write a := jTij^ 1 and b := Tj, We have to show that (a, b) 
lies in G n -i- Modulo G n the elements a and b equal their inverses and so (a, b) is congruent to (aba^ 1 ) ■ 
(& _1 a _1 &). Both factors lie in G„_i and so the same is true for the product. □ 

We now come to our first main result. 

Theorem 3.6. For a good generic projection f : X — > P 2 of degree n there exists an isomorphism 

Proof. We consider the short exact sequence (0- Let us denote the group in the middle by A. It is 
generated by the IYs, i = 1, deg D. We have already seen that the Tj's and hence also their conjugates 
map to transpositions under ift. 

First, we split (0: For each transposition r in 6 n we choose a conjugate s(r) of some I\ in A that maps 
to this transposition under tp, i.e., ip{s(r)) = r. Since we quotiented by C aff this map s, which is defined 
on transpositions, extends to a homomorphism 

s : S« A d = ^(A 2 - D, ar )/ < T 4 2 , C aff » 

that splits V 1 - 

Next, we want to show that A is a quotient of S n (d): We choose for every Ti an element <7j in 6„ such 
that o-jV^r,)^- 1 = (1 2). We define 

Si := s(<7i) • Ti ■ s{a i )~ 1 i = 1, deg-D. 

Clearly, A is generated by the Sj's and s(S n ). Recall Definition ^. 101 where we defined the group S n (d) 
in terms of d generators Si and the group & n and relations between them. We define a map 

S n (d) -» A 
Si 1 ^ Si i = 1, d 
a 1 ^ s(<j) Ver G 6,, 

By definition of C aff , this map extends to a surjective homomorphism of groups. 

We let Fd with d = deg be the free group with basis Ti, i = 1, d. The group 7Ti(A 2 — D, xq) is a 
quotient of i 7 ^ by a normal subgroup R, cf. Lemma [3T| We factor this presentation via 

F d *6 n A S n (d) -f A 

Ti H-» s((Tj)~ 1 SiS((T. i ) I ^ Ti i = l,...,d 

(T 1 ^ (7 1 > s(cr) VfT G ©„ 
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By Theorem 12.1 11 the group S n (d) is isomorphic to £(F,i-\,n), where is the free group of rank 

d — 1. We will tacitly use this isomorphism. In particular, it makes sense to speak of affine subgroups of 
Sn(d), cf. Definition|Z8] 

The group A is a semidirect product of K := 7ri(X aff )/C aff by & n . Let tp be the action of 6 n on the 
kernel K. For k £ K and a S <5 n , we write <r] for fc ■ ( f c(cr)(fc _1 ). Let G' n _ 1 be the image of G„_i in 
A, cf. Lemma[32] It is easy to see that [K, @ n -i] is equal to the intersection G' n _ 1 D K. By Lemma[32] 
and Lemma [331 the quotient ip^ 1 (6 n -i) / G' n _ 1 is isomorphic to 7ri(X aff ). Hence, 

(6) K I [K, & n -i] S r'^-O/Cl = ^i(^ aff ), 

where the first isomorphism follows from the second homomorphism theorem. 

Consider the normal subgroup R' := <f>(R) of S n (d). We want to show that R 1 is an affine subgroup 
of S n {d). By Lemma [3T1 the group R is the normal closure of elements of a very special type. It is easy 
to check that these special elements map to elements of the form (1, r, 1, r -1 , 1, ...) under <f> and the 
isomorphism of Theorem l2.11l Clearly, such elements generate R 1 . If we choose another embedding of 
& n -i into & n , then formula (O still holds true. This implies that R 1 is & n -invariant. Hence, R' is an 
affine subgroup. 

By Theorem 12. 91 the group K is isomorphic to fC(G, n) for a group G. By Corollary |2.5l this group G 
is isomorphic to K/[K, 6„_i]. Applying ©, we obtain 

This was to be shown. □ 

Corollary 3.7. Let C aff be the image ofC ati in the Abelianisation of Vi(X|^), i.e., in Hi(X^, Z). Then 
there exists a non-canonical isomorphism 

H^X^, Z)/C^ S //i(A aff , Z)"" 1 . 

Proof. This follows from Corollary 12 . 71 applied to Theorem l3.6l □ 



4. The fundamental group of the Galois closure 

We keep all notations introduced so far. We assume furthermore that the T^'s form a good ordered 
system of generators, i.e., that S := r x • ... • with d = deg D is homotopic to a loop around infinity in £. 
Before stating our main results, we have to prove a couple of technical lemmas. 

Lemma 4.1. The element S lies in ker tp and the centre o/tti (A 2 — D, xq). There are two short exact and 
central sequences 

- (6) - Kl(X$) -> TTxpLgai) - 1 

- (5) - 7n(A aff ) -f 7Tl(X) - 1 . 

//ere, we denote the image of 8 under ker-0 — » 7Ti(A a ^) again by 5 and its image under ip~ 1 (& n -i) — > 
7ri(A aff ) fey I 

PROOF. By a theorem of Oka, J is a central element, cf. [FL Corollary 8.4]. Of course, 6 remains central 
in every subquotient of 7Ti(A 2 — D). 

The subgroup generated by 6 is normal and generates the kernel of the map from 7Ti(A 2 — D) onto 
7ri(P 2 — D). Chasing through the commutative diagram 

1 -> ^i(A g a a ff) -> ^ 1 (A 2 -/?)/«r. i 2 » ^ S„ - 1 

I I II 

1 - ^i(A gal ) - ^(P 2 -£>)/< r 4 2 > ^ 6„ -> 1 

we obtain the first exact sequence. 

For the second statement we exhibit 7ri(A aff ) and tt\(X) as quotients of ^ _1 (@ n _i) by G n -i, cf. 
Lemma l3?2l Then we proceed as before. □ 
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Lemma 4.2. We consider K,(ni(X aS ), n) as a subgroup of iri{X aS ) n . Under the map (|2j the element 8 
maps 

* X (X£)/C* = £(7n(X aff ), n) - ^(7n(X aff ), n) 
5^5'^ (S,...,S) 

where S and 5 are as in Lemma WJ] 

In particular, S n is an element of the kernel ker(7Ti (X aS ) -» 7Ti (X ) ah ). 

Proof. The group E := £(7ri(X aff ),?i) x 6„ is a quotient of 7ri(A 2 - D) by Theorem [3761 As <5 is 
central in 7Ti(A 2 — D), its image 8' is a central in E. In particular, 5' is (3„-invariant. The map from 
lC(iri(X aS ), n) onto K,(iri (X aS ), n) is S„-equivariant. Thus, 5' maps to a 6„-invariant element, i.e., to 
an element of the diagonal in m(X ) n . 

There are two maps from tt\ {X^) onto iri (X aS ): One is the map from Lemma l4~2l composed with the 
projection onto the first factor from tt\ (X aS ) n onto it\ (X aS ). We have to show that S maps to 5 under this 
map. The second one is the map induced from Lemma [3721 Under this second map, the element 5 maps to 
5. Going through the construction of the first map in the proof of Theorem l3.61 we see that it is constructed 
via Corollary 12.51 which is compatible with Lemma [3~2l Hence, the first and the second map coincide. In 
particular, S maps to 6. 

The element (£,...,£) lies in /C(7Ti(X aff ), n). By definition, S n lies in ker(7Ti (X aff ) -» m {X aS ) ab ). 

□ 

Lemma 4.3. Let X be a smooth projective surface and D be a smooth and ample divisor on it. If tt\{X) 
is finite then so is tt\(X — D). 

Moreover, if X is simply connected then m (X — D) is a finite cyclic group whose order is equal to the 
divisibility index of Ox{D) in Pic(X). 

Proof. Let us first assume that tti(X) is trivial. As an ample divisor, D is connected. Thus, D is 
irreducible, being connected and smooth. It follows that every finite cover of X branched along D is a 
cyclic Galois cover. 

A cyclic cover branched along D is given by a line bundle T together with an isomorphism T® c = 
Ox (D). Hence the maximal finite quotient of 7Ti (X — D) is cyclic of order equal to the divisibility index 
dof O x (D) inPic(X). 

By Nori's theorem [No, Corollary 2.5], the group tti(X — D) is finitely generated and Abelian. Hence 
this group is cyclic of order d. This proves the second assertion. 

If tti{X) is finite then the universal cover X of X is again a smooth projective surface. The inverse 
image D of D on X is a smooth and ample divisor. Hence iri (X — D) is a finite group by what we have 
just proved. But this latter group is a group of finite index in tt\(X — D). Hence iri(X — D) is finite, 
which proves the first assertion. □ 

The inclusion map of topological spaces induces a surjective homomorphism from 7Ti(^ a ^) onto 
7Ti(X ga i). Recall that we defined (Definition 13. 2>\ a certain subgroup C aff of tti(X^ 1 ) and determined 
the structure of m (X|^)/C aff . 

Definition 4.4. We denote the image of C aff in tti (X gal ) by C proj . 

Clearly, if C aff is trivial then the same is true for C vr ° 3 . As already noted above, C aff is trivial in all 
known examples. 

Before giving the structure of 7ri(X ga i)/C plo;i , we have to introduce a little bit of notation. First we 
define 

K := ker(7ri(X aff )^7ri(X)) 
which is a cyclic group. For a natural number in > 1 we define the homomorphism 

K m : K m -> 7Ti(X aff ) ab 

(fci, k m ) t—* kj 

We are now ready to state our main result on m (X ga \)/ C proj . 
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Theorem 4.5. There exists a cyclic group Z and a central short exact sequence 

(7) - g sfriPp> Z ) _> ^ l( X gal )/C7P™j - G -+ 1 

where G is a group that is itself a central extension 

-» ker/t„-i -» G -> £(7ri(X), n) -> 1. 
77;e kernel in Z/es inside the commutator subgroup ofK,(jt\ (X), n). 

PROOF. By Theorem l3~6l the group 7Ti(X^)/C aff is isomorphic to £(7Ti(A" aff ), n). By Theorem l2~4l 
this group is a central extension 

-» ff 2 (^(X aff ), Z) -> wxiXffi/C* ^ ^(7n(X aff ),n) -» 1 

where the kernel lies inside the commutator subgroup. 

To obtain 7Ti (X ga i) /C proj , we take the quotient of m (X^) /C aff by (8). We let Z be the intersection 
of {8} with H 2 (ni(X aS ),Z). Thus, ^(X^/G^ is a central extension of i7 2 (7ri(^ aff ), %)/Z by 
G := /C(7Ti(X afI ), n)/^){S). This gives already the first exact sequence. 

By definition, K is the kernel ker(7Ti(X aff ) — ► tti(X)). Using the definition of K(—, n) it is not hard 
to see that the kernel of JC(iri(X ), n) — > /C(7Ti(X),n) is equal to ker re n . The image of (5 in 7Ti(X) is 
trivial and so ?/)(<?) lies in ker/-c„. Moreover, by Lemma l4~2l the image i/j(8) generates the subgroup of 
ker K n that is equal to A(K), where A : K — > K n is the map that sends k to (fc, k). It is not difficult to 
see that ker K n /A(K) is isomorphic to ker « n _i. 

Thus G is an extension of ker K n /ip(8) = ker by /C(7Ti (X), n). □ 

Corollary 4.6. Ifn 1 (X) is finite then so is 7Ti(X gal )/G proj . 

PROOF. If %i(X) is finite then so is 7Ti(X aS ) by Lemma|4~3l Thus, ni(X aS ) n and H 2 {wi{X aS ), Z) are 
finite. In particular, K,(ttx(X ), n) is finite by Theorem |2.4| 

Hence 7Ti (X^) / C is finite by Theorem |3.6l Since 7Ti (X ga i) / G pro -' is a quotient of this latter group 
it is also finite. □ 

Corollary 4.7. If iti (X) is nilpotent of class c then m (-Xgai) /G proj is nilpotent of class at least c and at 
most c + 2. 

Proof. If H := ni{X ga \) is nilpotent of class c then the same is true for H n . Since K,(H,n) is 
a subgroup of H n , also K,(H,n) is nilpotent of class at most c. By Theorem 14.51 we obtain G := 
7Ti (X ga \) j G pro -' as two successive central extensions of K,(H, n) by Abelian groups. Hence K is nilpotent 
of class at most c + 2. 

There is a surjective map from G onto IC(H, n), which has a surjective map onto H. In particular, G is 
of class at least c. □ 



Proposition 4.8. Let G pr °j be the image of C pr ° 3 in the Abelianisation of~K\ (-Xg a i). z.e., in Hi (X sa \, Z). 
Then there exists a non-canonical isomorphism 

#i(X ga i, Z)/Gp^ S tfxCX, Z) © (i/i(X aff , Z))"- 2 . 

77ie group Hi(X , Z) is a« extension of a finite cyclic group (of order dividing n) by Hx(X, Z). 

Proof. By Lemma |4~T1 8 generates the kernel ker(7ri (X^)-»iri (X ga i)). It follows that the image of 8 
in Hi (X^ ) generates the kernel of the induced surjective homomorphism from Hi (X^ ) onto Hi (X ga \ ) . 
Similarly, the image of 8 in Hi(X aS ) generates the kernel from Hi(X ) onto Hi(X). By abuse of 
notation we will write 8 and 8 also for their images in the Abelianised groups. By Lemma [4721 the order of 
8 (as an element of Hi(X aS )) divides n. 
By Corollary 13.71 there exists an embedding 



* : Hi(X^)/C*« - (Hi(X* s )) n 

with image IC(Hi (X aS ), n). We denote by p the projection of Hi (X aS )™ onto its last n — 1 factors. Then 
p induces an isomorphism of K,(Hi (X aS ), n) with iii (X aff ) n_1 , cf. Proposition ^. 21 By Lemma l4~2l the 
element 8 maps to (8, 8) under i. Thus, p o is equal to (8, 5) in iri(X aS ) n ^ 1 . 
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To obtain #i(X gal )/CP r °j, we have to form the quotient of iJ 1 (X aff )"" 1 by (S). The quotient of 
H\(X aS ) by 5 is isomorphic to H\(X). The image of 8 in Hi(X aS ) n ^ 1 lies on the diagonal (5, 6). 

If G is an Abelian group, A : G — > G' i_1 the map that sends 5 to (g, g) and if N is a subgroup of 
G then G" _1 /A(A^) is isomorphic to G n ~ 2 © G/N. The proposition then follows if we apply this fact to 
G := i?i(X aff ) and N := (S). □ 

Corollary 4.9. The rank of H± (X sa \, Z) /C lpr °j as an Abelian group is equal to (n — 1) ft'me* f/ze ranfc 0/ 
Hi(X,Z). □ 

Corollary 4.10. Lef X be a surface such that H\{X, Z) = Z bl . Lef Cbe a sufficiently ample line bundle 
on X and f : X — > P 2 be a good generic projection with respect to C. We denote by n the self-intersection 
number and by d the divisibility index of C in Pic(X). Then there are isomorphisms 



Hi(x^ v z)/c aS (z/dz)"- 1 e z 6 ^™- 1 ) 

H 1 (X gah Z)/CP^ S (Z/dZ) n - 2 @Z b ^ n - 1 \ 
These isomorphisms are not canonical. 

Proof. Abelianising the short exact sequence of Lemma |4~Tl we obtain 

-> 4>(Z) -> 7Tl(X aff ) ab -> 7Tl(X) ab -> 

where Z := (<5) with 5 the loop around infinity as in Lemma |4~T1 and where <fi denotes the map from 
7Ti(X aff ) onto its Abelianisation. As tti(X) = Z bl is a free Abelian group this sequence splits, i.e., 

7T 1 (X aff ) ab = (f)(Z)®Z bl . 

Hence <f>(Z) is a quotient of tt\ (X aff ). As in the proof of Lemma l43l we conclude that the order of <f>(Z) 
is equal to the divisibility index d of C. 

Using Corollary and Proposition l4.8l finishes the proof. □ 

Proposition 4.11. Let X be a simply connected surface and C a line bundle that defines a good generic 
projection. We let d be the divisibility index of C in Pic(X). We denote the self-intersection of C by n. 
Then there exist isomorphisms 



n-2 



TTl{X^)/C^ 

These isomorphisms are not canonical. 

Proof. Let / : X — » P 2 be a good generic projection corresponding to C Clearly, the degree n = deg / 
is equal to the self-intersection of C. 

The inverse image H := f (I) of the line at infinity is a smooth and ample divisor on X by Bertini's 
theorem. By definition of /, the line bundle Ox(H) is isomorphic to C. Since 

X aff = x — H, Lemma 

|4.3| tells us that 7T±(X ) is cyclic of order d. 

Applying Theorem l3.6l and Corollary 12. 61 we obtain 

7ri(**J)/C» ff = ICiMX^), n) S (Z/dZ)"- 1 . 

In particular, tti(X^ 1 )/C is Abelian. So, the same is true for 7ri(X ga i)/C pro -'. Thus we can apply 
Proposition!^ to determine m (X ga i)/C proj . □ 

If X is not simply connected, we now determine H2(iri(X aS ), Z) up to extension. This will be useful 
for the examples in the following section. 



Lemma 4.12. There exists a short exact sequence of Abelian groups 

7Tl(X) ab ® Z if 

(8) ~* x{H 3 (m(X), Z)) 



7Tl(X) ab <g) Z K 
-> Itj I (v\ n,\\ -> H 2 (7T 1 (X aS ), Z) 



ker(/f 2 ( 7 r 1 (X),Z) -> if) -> 0. 



FUNDAMENTAL GROUPS OF GALOIS CLOSURES 



15 



Proof. The kernel K is cyclic. Hence H i (K,1>) = for i ^ 0,1. This implies that the spectral 
sequence 

E 2 q := H p (in(X), H q {K,t)) => H p+q {^{X^), Z) 
has only two rows. This yields a long exact sequence 

... -» ff 3 (7ri(X),Z) A H^miXlK) - ff 2 (7n(X aff ),Z) -» fr 2 (7ri(A:),Z) - 

-> fli(#,z) -» ^(Tn^j.z) -» ... 

Using the universal coefficient formula we obtain isomorphisms 

Hi(7ri(Jf), if) S ffiM-X), Z)® Zj fiT S 7n(X) ab ® z X. 

This yields the short exact sequence |[8). □ 

We end this section by a remark on Teicher's conjecture. In [Te|, Teicher observed that 7Ti(A 2 — D) is 
virtually solvable in some examples and asked whether this might be a general phenomenon. 

Proposition 4.13. Ifit\ (X) is not virtually solvable then neither is tk\ (A 2 — D). 

Proof. This follows from the fact that m (A 2 — D) has K(tti (X , n)) as subquotient. This latter group 
has /C(7Ti (X), n) as quotient which has tv\ (X) as a quotient. Hence, if tv\ (A 2 — D) were virtually solvable 
then also tt\ (X) would have to be. □ 

The fundamental group of a ruled surface over a curve of genus > 2 contains a free group of rank 2. 
Hence iri (A 2 — D) for the generic projection from a ruled surface over a curve of genus > 2 is not virtually 
solvable. 



5. Examples 

In this section we discuss all the examples that have been computed so far. We will see that Question 
I3.4l has a positive answer in all cases. We also show how methods from homological algebra simplify and 
clarify the computations. 

Minimal rational surfaces. The fundamental groups of Galois closures of generic projections from P 2 , 
P 1 x P 1 and the Hirzebruch surfaces F e have been calculated in a series of papers by Moishezon, Teicher 
and Robb. 

Proposition 5.1. Let C := 0^{k) with k > 5 on X :— P 2 . Let f : X — > P 2 be a good generic 
projection with respect to a generic 3-dimensional subspace of H (X, C) and A ga i be the corresponding 
Galois closure. Then there are isomorphisms 

m(X»z)/C* s - (Z/kzf-i 
7n(x gal )/<7P r °j s (z/kZ) k2 - 2 . 

Proof. For k > 5 the line bundle C is sufficiently ample by Remark [L2l The morphism / : X — > P 2 
has degree equal to the self-intersection of C, which is k 2 . The divisibility index of C in Pic(X) is equal 
to k. Then we apply Proposition |4.11| □ 

Remark 5.2. The computations in |MoTe2| show that the two groups C aff and C7 pro '' are trivial already 
for k > 3, i.e., Question |3.4| has a positive answer in these cases. 

Remark 5.3. For k = 2, the surface X ga \ is the Galois closure of a generic projection from the Veronese 
surface V4 of degree 4 in P 5 . Moishezon and Teicher proved that X ga \ is an Abelian surface, cf. |MoTe2, 
Proposition 1]. In particular, 7Ti(X ga i) is isomorphic to Z 4 , whereas we would only predict (Z/2Z) 2 in 
this case (our results are not valid for projections of such small degree). However, this example should 
not be discouraging in view of Question 13. 41 The surface V4 has to be excluded from many statements in 
classical algebraic geometry. For example, a generic projection from V4 is the only counter-example to 
Chisini's conjecture IKufl . 
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Proposition 5.4. Let C := C P i xP i(a,6) with a,b > 5 on X := P 1 x P 1 . Let f : X -> P 2 be a 
good generic projection with respect to a generic 3-dimensional subspace of H (X, C) and X ga \ be the 
corresponding Galois closure. Then there are isomorphisms 

miX^/C^ Si (Z/gcd(a ! 6)Z) 2ab - 1 

7n(X gal )/CP ro j Si (Z/gcd(a,b)Z) 2ab - 2 . 

PROOF. For a, b > 5 the line bundle C is sufficiently ample by Remark [L2l The morphism / has degree 
equal to the self-intersection of C, which is 2ab. The divisibility index of £ in Pic(X) is equal to gcd(a, b). 
Then we apply Proposition l4.1 II □ 

Remark 5.5. The results of IMoTell and llMoTe3l show that C aff and C proj are trivial, i.e., Question |3H 
has a positive answer in these cases. 

Let us introduce some notation before computing the next example. We let X := F e := P(Opi 
Opi (— e)) be the e.th Hirzebruch surface. We regard F e as a projectivised P 1 -bundle over P 1 . We denote 
by F the class of a fibre and by H the class of the tautological bundle inside Pic(F e ). For a ^> and 
b 3> the bundle C := Of b (aH + bF) will give rise to good generic projections. 

Proposition 5.6. Let C := Of c (aH+bF) be a sufficiently ample line bundle on X := F e . Let f : X — > P 2 
be a good generic projection with respect to a generic ^-dimensional subspace of H°(X, C) and X ga \ be 
the corresponding Galois closure. Then there are isomorphisms 

■KiiXgft/C** Si (Z/gcd(a,b)Z) 2ab+ea2 - 1 

7n(Jf gal )/C*P r °j Si (Z/gcd(a,b)Z) 2ab+ea2 - 2 . 

PROOF. The degree of / is equal to the self-intersection of C, which is 2ab + ea 2 . The divisibility index 
of C in Yic(X) is equal to gcd(a, b). Then we apply Proposition l4.11l □ 

Remark 5.7. The results of BMTRI show that C aff and C proj are trivial, i.e., Question |I3] has a positive 
answer in these cases. 

Product of a curve with P 1 . The fundamental groups of the Galois closures of certain generic projections 
from E x P 1 where E is an elliptic curve, have been computed by Amram, Goldberg, Teicher and Vishne. 
These groups are particularly interesting for us since this is the first time homological contributions enter 
the picture. 

We let C be a curve of genus g > 1 and X :— C x P 1 . We let J 7 be a very ample line bundle of degree 
k on C. The line bundle C := T M O p i (d) on X is very ample. If we choose k and d sufficiently large C 
gives rise to good generic projections / : X — > P 2 . The degree n = deg / is equal to the self-intersection 
of C, which is equal to 2dk. 

To apply our results, we have to compute 7Ti(X aff ) and H2(ni(X ), Z). 

Lemma 5.8. The group -K\{X aS ) is an extension ofZ/dZ by tti(X) = ni(C). If d divides k then this 
extension splits. 

Moreover, there is an isomorphism 7Ti(X afr ) ab Si (Z/gcd(fc, d)Z) © Z 2 ». 

Proof. We only do the case g = 1. For g > 2 we only have to replace C 2 by the upper half-plane H. 
We let H be a smooth section of C. Then there is a short exact sequence 

(9) - K -» ^(X aff ) - m(X) -f 1 

where if is a cyclic group in the centre of m (X ), cf. Lemma |4~T1 

We let X be the universal cover of X, i.e., X is isomorphic to C 2 x P 1 . The pull-back of C to X is 
isomorphic to the line bundle C := Opi (d) M 0^2 as every line bundle on C 2 is trivial. 

The group C corresponds to covers of X ramified along the inverse image of H on X. Arguing as in 
the proof of Lemma H31 we see that the order of K is equal to the divisibility index of C on X, which is 
equal to d. Hence K is cyclic of order d. 

If k is divisible by d, we can define a d-fold cover of X by choosing a line bundle F such that T® d = C. 
Such a cover corresponds to a surjective homomorphism from k\ (X — D) onto K compatible with ©. So 
in this case the map from K to m (X aS ) is a split injection. 
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Abelianising (O we obtain 7Ti(X aff ) ab as an extension of a finite cyclic group K' by I? 9 . This exten- 
sions splits since the quotient is free Abelian. Hence K' is a quotient of 7Ti(X aff ) ab . The order of K' is 
given by the divisibility index of C, which is equal to gcd(fc, d). □ 

Lemma 5.9. There is an isomorphism H 2 (ni(X aS ),Z) ^ {Z/dZf 9 © Z. 

Proof. The curve G has genus g > 1 and so it is an Eilenberg-MacLane space. Hence the group 
homology Hi(iri(C),Z) is isomorphic to the singular homology ii,*(G, Z). In particular, the group 
H 3 (m(X),Z) vanishes and H 2 (ni(X),Z) Z. Moreover, ff x (ttx (X) , Z) = 7Ti(X) ab = Z 2 f. By 
the previous lemma, the kernel K of 7Ti(X aff ) — * 7Ti(X) is isomorphic to Z/dZ. 

We plug this data into © and see that H 2 (ni {X aS ), Z) is an extension of 7Ti(X) ab <g) Z/dZ by L := 
ker(if 2 (7Ti(X), Z) — > Z/dZ). Since #2(^1 (-X"), Z) = Z, the group L is infinite cyclic, i.e., abstractly 
isomorphic to Z. So we obtain a short exact sequence of Abelian groups 

-> (Z/dZ) 29 -> H 2 (ir 1 (X aS ), Z) -> Z -> 
which splits since the quotient is free Abelian. □ 
For a natural number n > 1 we define the homomorphism 

K n : (Z/dZ) n -> Z/gcd(d,fc)Z 
(xi, 1 ► SiLl^i 

The following statement is now an easy application of Theorem l4.5l and Proposition l4.8l 

Proposition 5.10. For a generic projection from X = C x P 1 there exists a cyclic group Z such that we 
obtain 7ri(AT ga i)/C proj as an extension 

(10) -» ({Z/dZ) 29 © Z) /Z -> 7n(X ga i)/C7P r °j — G -> 1 

w/zere G is a central extension of the form 

-> kerK 2dfe _i -> G -> /C(tti(G), 2dfc) 1. 
Abelianising we obtain an isomorphism 

H 1 (X gah Z)/CP^ S (Z/gcd^^Z) 2 ' 1 ' - 2 © Z 2 ^ 2 ^- 1 ). □ 

Remark 5.11. The results of |AG] and BAGTVI show that G aff and G proj are trivial in the case g = 1 and 
d = 1, i.e., Question 13. 41 has again a positive answer. Also, in their computations it turns out that Z kills 
the kernel of ([Toll, i.e., 7ri(X ga i) is then isomorphic to JC(tti(X), 2k) = Z 4fe_2 . 
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